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Abstract. The so-called Belov–Chaltikian lattice is considered. By the dependent variable
transformation, the Belov–Chaltikian lattice is transformed into a trilinear form. By introducing
an auxiliary variable, we further transform it into the bilinear form. A corresponding Bäcklund
transformation for it is obtained. Furthermore, a nonlinear superposition formula is proved
rigorously. As an application of the obtained results, soliton solutions are derived.

1. Introduction

The so-called Belov–Chaltikian (BC) lattice is [1]

ḃn = bn(bn+1− bn−1)− cn + cn−1

ċn = cn(bn+2− bn−1)
(1)

which was found in the study of lattice analogues ofW -algebras. This system may be
viewed as an extension of the Lotka–Volterra lattice (which appears as acn = 0 reduction
of the above system). Some research on the BC lattice has been conducted. For example,
Belov and Chaltikian established the bi-Hamiltonian structure of this system [1]. Integrable
discretization for the BC lattice and related results were obtained by Suris [2]. In [3],
Hikami and Inoue also considered the system. The purpose of this paper is to derive a
Bäcklund transformation (BT) for the BC lattice and establish a nonlinear superposition
formula for it. As a result, multisoliton solutions are derived step by step.

We now consider the system (1). By the dependent variable transformation

bn =
(

ln
fn+ 1

2

fn− 1
2

)
t

cn =
fn+ 5

2
fn− 3

2

fn+ 3
2
fn− 1

2

(1) can be transformed into the trilinear form:

fn+ 1
2 t t
fn+ 3

2
fn− 1

2
= −fn+ 5

2
fn− 3

2
fn+ 1

2
+ fn− 1

2
fn+ 1

2 t
fn+ 3

2 t

−fn+ 1
2
fn− 1

2 t
fn+ 3

2 t
+ fn+ 3

2
fn− 1

2 t
fn+ 1

2 t
+ fn+ 1

2
fn− 1

2
fn+ 3

2
. (2)
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We can rewrite (2) as

eDn(D2
t e

1
2Dnfn · fn) · (e1

2Dnfn · fn)+ (D2
t e

1
2Dnfn · fn)(e3

2Dnfn · fn)
−e

1
2Dn(D2

t eDnfn · fn) · (eDnfn · fn)
= − 2e

3
2Dn(eDnfn · fn) · f 2

n + 2(e
1
2Dnfn · fn)(e3

2Dnfn · fn) (3)

where the bilinear operators are defined as follows [4–6]

Dm
x D

n
t a · b ≡

(
∂

∂x
− ∂

∂x ′

)m (
∂

∂t
− ∂

∂t ′

)n
a(x, t)b(x ′, t ′)|x ′=x,t ′=t

exp(δDn)an · bn ≡ exp

[
δ

(
∂

∂n
− ∂

∂n′

)]
a(n)b(n′)|n′=n = a(n+ δ)b(n− δ).

By introducing an auxiliary variablez and using (A.1), (A.2), we can decouple (3) into the
following bilinear form

(D2
t e

1
2Dn −Dze

1
2Dn)fn · fn = 0 (4)

(Dze
Dn −D2

t eDn + 2e2Dn − 2eDn)fn · fn = 0. (5)

It is remarked that in the continous case the technique to decouple multilinear equations into
bilinear ones by introducing auxiliary variables was first proposed by Hirota and Satsuma.
They applied it to the Lax fifth-order KdV equation and a model equation for shallow water
waves [7, 4].

This paper is organized as follows. In section 2 we give a BT for equations (4)
and (5). Then in section 3, we give a brief proof of a nonlinear superposition formula.
Some particular solutions of equations (4) and (5) are then found through this formula.
Finally, section 4 summarizes the obtained results. The appendix lists some bilinear operator
identities used in this paper.

2. A BT for the BC lattice

In this section, we derive a BT for equations (4) and (5). The result obtained is as follows.

Proposition 1.A BT for equations (4) and (5) is

(Dt + λ−1e−Dn + µ)fn · gn = 0 (6)

Dzfn · gn = [λ−1Dte
−Dn + λ−1µe−Dn + γ ]fn · gn (7)

[e
1
2DnDt + µe

1
2Dn − λe

3
2Dn + ωe−

3
2Dn ]fn · gn = 0 (8)

whereλ,µ, γ andω are arbitrary constants.

Proof. Let f (n) be a solution of equations (4) and (5). If we can show that equations (6)–(8)
guarantee that the following two relations

P1 ≡ (D2
t e

1
2Dn −Dze

1
2Dn)gn · gn = 0

P2 ≡ (Dze
Dn −D2

t eDn + 2e2Dn − 2eDn)gn · gn = 0

hold, then equations (6)–(8) form a BT.
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By using (A3)–(A7) and (6), (7), we have

−[e
1
2Dnfn · fn]P1 = 2Dt cosh( 1

2Dn)[Dtfn · gn] · fngn − 2 sinh( 1
2Dn)(Dzfn · gn) · fngn

= − 2λ−1Dt cosh( 1
2Dn)[e

−Dnfn · gn] · fngn − 2 sinh( 1
2Dn)(Dzfn · gn) · fngn

= 2λ−1 sinh( 1
2Dn){[Dte

−Dnfn · gn] · fngn + [Dtfn · gn] · [e−Dnfn · gn]}
−2 sinh( 1

2Dn)(Dzfn · gn) · fngn
= 2λ−1 sinh( 1

2Dn)[Dte
−Dnfn · gn] · fngn

+2λ−1µ sinh( 1
2Dn)[e

−Dnfn · gn] · fngn − 2 sinh( 1
2Dn)(Dzfn · gn) · fngn

= 0.

On the other hand, by using (A3)–(A10) and (6)–(8), we have

−[eDnfn · fn]P2 = 2 sinh(Dn)(Dzfn · gn) · fngn − 2Dt cosh(Dn)[Dtfn · gn] · fngn
+4 sinh( 1

2Dn)[e
3
2Dnfn · gn] · [e− 3

2Dnfn · gn]
= 2 sinh(Dn)[(λ

−1Dte
−Dn + λ−1µe−Dn)fn · gn] · fngn

+2Dt cosh(Dn)[λ
−1e−Dnfn · gn] · fngn

+4 sinh( 1
2Dn)[e

3
2Dnfn · gn] · [e− 3

2Dnfn · gn]
= 2λ−1{2 sinh( 1

2Dn)[e
− 3

2Dnfn · gn] · [Dte
1
2Dnfn · gn]

− sinh(Dn)[e
−Dnfn · gn] · [Dtfn · gn]} + 2λ−1µ sinh(Dn)[e

−Dnfn · gn] · fngn
+4 sinh( 1

2Dn)[e
3
2Dnfn · gn] · [e− 3

2Dnfn · gn]
= 4λ−1 sinh( 1

2Dn)[e
− 3

2Dnfn · gn] · [Dte
1
2Dnfn · gn]

+4λ−1µ sinh(Dn)[e
−Dnfn · gn] · fngn

+4 sinh( 1
2Dn)[

′e
3
2Dnfn · gn] · [e− 3

2Dnfn · gn]
= 4λ−1 sinh( 1

2Dn)[e
− 3

2Dnfn · gn] · [Dte
1
2Dnfn · gn]

+4λ−1µ sinh( 1
2Dn)[e

− 3
2Dnfn · gn] · [e1

2Dnfn · gn]
+4 sinh( 1

2Dn)[e
3
2Dnfn · gn] · [e− 3

2Dnfn · gn]
= 0.

Thus we have completed the proof of proposition 1. �

By using (6)–(8), we can easily find the following solutions from the trivial solution
fn = 1:

gn = 1+ exp(η)

with

λ = ±
√

e
1
2p − e

3
2p

e
3
2p − e−

3
2p

µ = −λ−1 γ = λ−2 ω = λ+ λ−1

whereη = pn+ qz+ rt + η0, q = λ−2(e2p − 1), r = λ−1(ep − 1).

3. A nonlinear superposition formula

In the following, we shall simply denote, without confusion,fn(t) = f (n, t) = f (n) or f .
The result reached is as follows.
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Proposition 2.Let f0 be a solution of equations (4) and (5) and suppose thatfi (i = 1, 2)
are solutions of (4), (5) which are related tof0 under the BT (6)–(8) with parameters

(λi, µi, γi, ωi), i.e. f0
(λi ,µi ,γi ,ωi )−→ fi (i = 1, 2), λ1λ2 6= 0, fj 6= 0 (j = 0, 1, 2). Thenf12

defined by

exp(− 1
2Dn)f0 · f12 = c[λ1 exp(− 1

2Dn)− λ2 exp( 1
2Dn)]f1 · f2

(c is a nonzero constant) (9)

is a new solution which is related tof1 and f2 under the BT (6)–(8) with parameters
(λ2, µ2, γ2, ω2), (λ1, µ1, γ1, ω1) respectively.

Proof. Similar to the deduction in [8], we can show that

(Dt + λ−1
2 e−Dn + µ2)f1 · f12 = 0

(Dt + λ−1
1 e−Dn + µ1)f2 · f12 = 0

and

−Dtf1 · f2+ (µ1− µ2)f1f2− 1

cλ1λ2
e−Dnf0 · f12 = 0 (10)

1

2c
Dte

− 1
2Dnf0(n) · f12(n)− 1

2λ1Dte
− 1

2Dnf1(n) · f2(n)− 1
2λ2Dte

1
2Dnf1(n) · f2(n)

+λ1µ1e−
1
2Dnf1(n) · f2(n)− λ2µ2e

1
2Dnf1(n) · f2(n) = 0. (11)

Therefore in order to prove proposition 2, it suffices to show that

Dzf1 · f12 = [λ−1
2 Dte

−Dn + λ−1
2 µ2e−Dn + γ2]f1 · f12 (12)

Dzf2 · f12 = [λ−1
1 Dte

−Dn + λ−1
1 µ1e−Dn + γ1]f2 · f12 (13)

[e
1
2DnDt + µ2e

1
2Dn − λ2e

3
2Dn + ω2e−

3
2Dn ]f1 · f12 = 0 (14)

[e
1
2DnDt + µ1e

1
2Dn − λ1e

3
2Dn + ω1e−

3
2Dn ]f2 · f12 = 0. (15)

Sincef1 andf2 are two solutions of equation (4), then we have

[(D2
t e

1
2Dn −Dze

1
2Dn)f1 · f1][e

1
2Dnf2 · f2] − [e

1
2Dnf1 · f1][(D2

t e
1
2Dn −Dze

1
2Dn)f2 · f2] = 0.

(16)

Using formulae (A3), (A4), (A11)–(A13), (9), (10) andf0
(λi ,µi ,γi ,ωi )−→ fi (i = 1, 2), we can

rewrite (16) as

1

λ1c
exp( 1

2Dn)[(Dz − λ−1
2 Dte

−Dn − λ−1
2 µ2e−Dn − γ2)f1 · f12] · f0f2 = 0 (17)

which implies that (12) holds. Similarly we can prove (13) also holds. Next, from

[(−Dz + λ−1
1 Dte

−Dn + λ−1
1 µ1e−Dn + γ1)f0 · f1]f2

−[(−Dz + λ−1
2 Dte

−Dn + λ−1
2 µ2e−Dn + γ2)f0 · f2]f1 = 0

we can deduce, by use of (A18), (9) and (11), that

Dzf1(n) · f2(n)+ (γ1− γ2)f1(n)f2(n)− 1

cλ1λ2
Dte

−Dnf0(n) · f12(n)

−µ1+ µ2

cλ1λ2
e−Dnf0(n) · f12(n) = 0. (18)
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Finally, sincef1 andf2 are two solutions of equation (5), we have that

[(Dze
Dn −D2

t eDn + 2e2Dn − 2eDn)f1 · f1][eDnf2 · f2]

−[eDnf1 · f1][(Dze
Dn −D2

t eDn + 2e2Dn − 2eDn)f2 · f2] = 0. (19)

Using formulae (A3), (A4), (A7), (A8), (A14)–(A17), (9), (10), (18) andf0
(λi ,µi ,γi ,ωi )−→ fi

(i = 1, 2), we can rewrite (19) as

− 2

cλ1λ2
exp(− 1

2Dn)[e
− 3

2Dnf0 · f2][e
1
2DnDt + µ2e

1
2Dn − λ2e

3
2Dn + ω2e−

3
2Dn)f1 · f12] = 0

(20)

which implies that (14) holds. Similarly we can prove that (15) also holds. Therefore we
have completed the proof of proposition 2. �

As an application of the result, we can construct soliton solutions of the BC lattice.
Choose for examplef0 = 1, c = 1

λ1−λ2
. It is easily verified that

���
���

��:(λ1, µ1, γ1, ω1)

1

1+ eη1

XXXXXXXXz(λ2, µ2, γ2, ω2) 1+ eη2 ���
���

��:

(λ1, µ1, γ1, ω1)

XXXXXXXXz

(λ2, µ2, γ2, ω2)

f12

where

f12 = 1+ λ1e−p1 − λ2

λ1− λ2
eη1 + λ1− λ2e−p2

λ1− λ2
eη2 + λ1e−p1 − λ2e−p2

λ1− λ2
eη1+η2

with

ηi = pin+ qiz+ ri t + η0
i qi = λ−2

i (e
2pi − 1) ri = λ−1

i (e
pi − 1)

and

λi = ±
√

e
1
2pi − e

3
2pi

e
3
2pi − e−

3
2pi

µi = −λ−1
i γi = λ−2

i ωi = λi + λ−1
i .

Thusf12 so obtained is a two-soliton solution of (4), (5). Furthermore, we have

���
���

��:(λ2, µ2, γ2, ω2)

1+ eη1

f12

XXXXXXXXz(λ3, µ3, γ3, ω3) f13 ���
���

��:

(λ2, µ2, γ2, ω2)

XXXXXXXXz

(λ3, µ3, γ3, ω3)

f123

where

f13 = 1+ λ1e−p1 − λ3

λ1− λ3
eη1 + λ1− λ3e−p3

λ1− λ3
eη3 + λ1e−p1 − λ3e−p3

λ1− λ3
eη1+η3

and

f123= 1+K1eη1 +K2eη2 +K3eη3 +K12eη1+η2 +K13eη1+η3 +K23eη2+η3 +K123e
η1+η2+η3
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with

Ki =
3∏
j=1
j 6=i

λie−pi − λj
λi − λj

Kij = λie−pi − λje−pj
λi − λj

λie−pi − λ6−i−j
λi − λ6−i−j

λje−pj − λ6−i−j
λj − λ6−i−j

i 6= j

K123= λ1e−p1 − λ2e−p2

λ1− λ2

λ1e−p1 − λ3e−p3

λ1− λ3

λ2e−p2 − λ3e−p3

λ2− λ3
.

Thenf123 is a three-soliton solution of (4), (5) where

ηi = pin+ qiz+ ri t + η0
i qi = λ−2

i (e
2pi − 1) ri = λ−1

i (e
pi − 1)

and

λi = ±
√

e
1
2pi − e

3
2pi

e
3
2pi − e−

3
2pi

µi = −λ−1
i γi = λ−2

i ωi = λi + λ−1
i .

Generally, along this line, we can obtain multisoliton solutions for the BC lattice (4),
(5) step by step.

4. Summary

The so-called BC lattice has been considered. By the dependent variable transformation,
the BC lattice is transformed into a trilinear form. By introducing an auxiliary variable, we
further transform it into the bilinear form. We have given a BT for the BC lattice as well as
a nonlinear superposition formula for it. As an application of the obtained results, soliton
solutions are derived.
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Appendix. Hirota bilinear operator identities

The following bilinear operator identities hold for arbitrary functionsa, b, c andd

[Dze
1
2Dna · a][e

3
2Dna · a] = − 1

2Dze
1
2Dn [eDna · a] · [eDna · a]

+ 1
2e

1
2Dn{[Dze

Dna · a] · [eDna · a] + [eDna · a] · [Dze
Dna · a]} (A1)

eDn [Dze
1
2Dna · a] · [e− 1

2Dna · a] = 1
2Dze

1
2Dn [eDna · a] · [eDna · a]

+ 1
2e

1
2Dn{[Dze

Dna · a] · [eDna · a] + [eDna · a] · [Dze
−Dna · a]} (A2)

[DyeδDna · a][eδDnb · b] − [DyeδDnb · b][eδDna · a] = 2 sinh(δDn)(Dya · b) · ab (A3)

[D2
t eδDna · a][eδDnb · b] − [D2

t eδDnb · b][eδDna · a] = 2Dt cosh(δDn)(Dta · b) · ab (A4)

Dt cosh( 1
2Dn)(e

−Dna · b) · ab = − sinh( 1
2Dn){[Dte

−Dna · b] · ab + [Dta · b] · [e−Dna · b]}
(A5)
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Dt cosh(δDn)a · a = 0 (A6)

sinh(δDn)a · a = 0 (A7)

[e2Dna · a][eDnb · b] − [eDna · a][e2Dnb · b] = 2 sinh( 1
2Dn)[e

3
2Dna · b] · [e− 3

2Dna · b]

= 2 sinh( 3
2Dn)[e

1
2Dna · b] · [e− 1

2Dna · b] (A8)

Dt cosh(Dn)(e
−Dna · b) · ab + sinh(Dn){[Dte

−Dna · b] · ab + [e−Dna · b] · [Dta · b]}
= 2 sinh( 1

2Dn)[e
− 3

2Dna · b] · [Dte
1
2Dna · b] (A9)

sinh(Dn)[e
−Dna · b] · ab = sinh( 1

2Dn)[e
− 3

2Dna · b][e
1
2Dna · b] (A10)

2 sinh(δDn)(Dta · b) · ab = Dt [e
δDna · b] · [e−δDna · b] (A11)

Dz[e
1
2Dna · b] · [e− 1

2Dnc · d] = e
1
2Dn [(Dza · d) · cb − ad · (Dzc · b)] (A12)

2Dt cosh( 1
2Dn)[e

−Dna · b] · cd = e
1
2Dn{cb · [Dte

−Dna · d] − [Dte
−Dnc · b] · ad

+[e−Dnc · b] · [Dta · d] − [Dtc · b] · [e−Dna · d]} (A13)

sinh(Dn){[Dte
−Dna · b] · cd + [e−Dna · b] · [Dtc · d]}
= 1

2e−
1
2Dn{[Dte

1
2Dna · d] · [e− 3

2Dnc · b] + [e
1
2Dna · d] · [Dte

− 3
2Dnc · b]

−[Dte
− 3

2Dna · d] · [e1
2Dnc · b] − [e−

3
2Dna · d] · [Dte

1
2Dnc · b]} (A14)

2Dt cosh(Dn)[e
−Dna · b] · cd = e−

1
2Dn{[Dte

1
2Dna · d] · [e− 3

2Dnc · b]

−[e
1
2Dna · d] · [Dte

− 3
2Dnc · b] + [Dte

− 3
2Dna · d] · [e1

2Dnc · b]

−[e−
3
2Dna · d] · [Dte

1
2Dnc · b]} (A15)

sinh(Dn)(e
−Dna · b) · cd = 1

2e−
1
2Dn{[e1

2Dna · d] · [e− 3
2Dnc · b] − [e−

3
2Dna · d] · [e1

2Dnc · b]}
(A16)

sinh( 3
2Dn)[e

− 1
2Dna · b] · [e1

2Dnc · d] = 1
2e−

1
2Dn{[e3

2Dna · d] · [e− 3
2Dnc · b]

−[e−
3
2Dna · d] · [e3

2Dnc · b]} (A17)

(Dza · b)c − (Dta · c)b = −aDzb · c. (A18)
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